Theoretical expressions are derived for affinity chromatography of systems comprising an acceptor A with one binding site for attachment to a functional group X on the column matrix and one site for interaction with a small ligand B that specifically affects its elution. From a general relationship covering all possible interactions between A, B and X simpler expressions are derived for affinity systems in which only two equilibria operate. Methods are suggested whereby these simpler systems may be characterized in terms of the two pertinent equilibrium constants and the concentration of matrix-bound constituent. The means by which the theory may be adapted to affinity chromatography of acceptors with multiple binding sites for ligand is also illustrated. Results of partition experiments on the Sephadex G-100-lysozyme-D-glucose system in acetate-chloride buffer (I= 0.17M), pH5.4, are used to demonstrate the feasibility of evaluating quantitatively affinity-chromatography interactions. Values of 30M-1 and 1.2 x 106M-1 are obtained for the equilibrium constants for the reactions of lysozyme with glucose and Sephadex respectively, there being only an occasional binding site in the polysaccharide matrix (approximately I in 105 glucose residues). In a second experimental study the phytohaemagglutinin from Ricinus communis is subjected to frontal chromatography on Sepharose 4B in the presence of different concentrations of D-galactose, the results illustrating some of the difficulties and limitations that are likely to be encountered in quantitative studies of affinity-chromatographic systems.
The recently reported use of affinity chromatography on Sepharose-a-lactalbumin to determine the equilibrium constant for the interaction between lactose synthetase and glucose introduced an analytical potential of the technique that had not been considered previously (Andrews et al., 1973) . However, the theoretical treatment did not consider explicitly heterogeneous equilibria involving the matrix-bound constituent, which must be reflected in observed elution volumes. The present work treats this aspect and extends the earlier work by considering the behaviour of systems in which addition of ligand decreases the constituent elution volume of acceptor as well as of those exhibiting a ligand-retardation effect. Further, in the theoretical formulation inclusion of the interactions with the column matrix has permitted a more complete characterization of the affinity-chromatography system, since matrix interactions, in addition to those between the acceptor and ligand, may now be studied quantitatively. Features of this general theory Vol. 143 are illustrated with the Sephadex-lysozyme-glucose and Sepharose-lectin-galactose systems: the results of Andrews et al. (1973) Since affinity chromatography is frequently performed by using a gel as the stationary phase, immobilization of A will arise from liquid-liquid partitioning in addition to binding by X (eqn. 1). It follows that the total concentration of A immobilized is given by:
The first two terms of eqn. (2a) follow directly from eqn.
(1), and the last term expresses the contribution due to liquid-liquid partitioning. The use of a single value of K.*,. for A and AB, implicit in eqn. (2a), is reasonable when B is a small ligand. The constituent concentration of A in the mobile phase is that in the original solution (Nichol etal., 1967) and is given by: First, it is evident from column 3 that all relationships involve [A] , and it has been suggested in relation to eqn. (3) that this is the total concentration of A in the applied solution and therefore is of known magnitude. This identity is valid only if the column experiment is conducted to ensure a plateau of solution of initial composition in the elution profile (Winzor & Scheraga, 1963; Nichol & Winzor, 1964) . Although concentration dependence of elution volume may be observed in zonal affinitychromatography experiments (Andrews et al., 1973) , this procedure is not recommended for accurate quantitative analysis, because the continuous dilution of the zone in its passage down the column ensures a decreasing value of [A] and hence an ever-changing PA (Winzor, 1966) . In contrast, in a frontal experiment involving a plateau, not only is [A] defined, but also PA may be determined from the median bisector of the A constituent gradient in the elution profile (Gilbert & Kellett, 1971 Reference is now made to the technique of pre-equilibrating a column with a solution of ligand of known concentration before application of the equilibrium mixture. Provided that VA < VB,
which are the parameters required together with the expressions in Table 2 to complete the appropriate solutions; VA is also available from eqns. (9) and (13). The third method of approaching the problem applies to cases 4 and 5. Comparison of the expressions for the intercepts (Table 2 ) with eqn. (9) shows that these intercepts are -1/(VA-VA*) in both 
( 
Results obtained with the phosphocellulose-aldolasefructose diphosphate system (Masters et al., 1969) provide support for this assumption. Phytohaemagglutinin was isolated from the seeds of Ricinus communis by the method of Nicolson & Blaustein (1972) , which involves salt extraction of the seed meal followed by (NH4)2SO4 fractionation and affinity chromatography on agarose (Sepharose 4B) with 0.1 M-lactose as the specific eluent. The resulting agglutinin preparation differed from that of Nicolson & Blaustein (1972) in that no heterogeneity could be detected by velocity sedimentation or by chromatography on Sephadex G-100. The material corresponds to the RCA, fraction of Nicolson et al. (1974) .
Methods
Partition experiments. Equilibrium partition experiments of similar design to those described by Ackers (1964) and Ogston & Silpananta (1970) were performed at room temperature (13-16°C) in test tubes fitted with Quickfit stoppers. To each tube containing a known amount (400±10mg) of Sephadex G-100 were added weighed amounts of acetate-chloride buffer, I 0.17m, pH5.4 (0.15M-NaCI, 0.02 M-sodium acetate, pH adjusted with acetic acid), and acetate-chloride buffer with the same ionic composition and pH but containing 1 M-glucose: in each case the total volume of buffer added was 10ml. After addition of 2ml (Va) of lysozyme solution of predetermined concentration ca, the tubes were reweighed to give a more precise estimate of Va and then left to equilibrate for 20h. A sample of the supernatant from each tube was then obtained by filtration. Its concentration (co) and also ca were determined spectrophotometrically at 280 nm by using an extinction coefficient (E"1%m) of 26.35 (Sophianopoulos et al., 1962) . Experiments were also performed in which 2ml of buffer or of Blue Dextran (0.5 mg/ml) were substituted for the addition of lysozyme, a wavelength of 625nm being used for measuring concentrations of the coloured polysaccharide.
Results were analysed in terms of the partition coefficient Ka.. (Laurent & Killander, 1964) (Sophianopoulos et al., 1962) . Frontal chromatography. A column (1 cm x 10 cm) of Sepharose 4B was thermostatically maintained at 20°C and pre-equilibrated with phosphate-chloride buffer, pH7.2 (0.2M-NaCl, 0.005M-NaH2PO4, pH adjusted with NaOH) at a flow rate of 1.5-2.0ml/min. A solution of agglutinin (0.4mg/ml) in the phosphate-chloride buffer and containing an appropriate concentration [R] of D-galactose (0.05-10mM) was then applied to the column, a sufficient volume being added to ensure the existence of a plateau of original composition in the elution profile. The column eluate was collected in 1.0-1.5ml fractions, the precise volume of each fraction being determined by weight, and analysed spectrophotometrically at 280nm.. Between experiments the column was regenerated by washing with 0.1 M-D-lactose, after which the column was re-equilibrated with the phosphate-chloride buffer.
Results and Discussion
We now wish to consider results obtained with three experimental systems, each having been studied by a different technique, in order to illustrate the potential and also limitations of affinity chromatography for the quantitative study of interactions.
Sepharose-a-lactalbumin -lactose synthetase -monosaccharides
Results of zonal studies of the lactose synthetase system have already been presented in the recommended double-reciprocal format (Fig. 2 of Andrews et al., 1973) and interpreted in terms of an interaction between a lactose synthetase-monosaccharide complex and thematrix-bound a-lactalbumin (case 1). Andrews et al. (1973) The anomalous gel-chromatographic behaviour of lysozyme on Sephadex is well established, Whitaker (1963) , for example, having commented that the enzyme exhibits a larger elution volume than globular proteins of similar size. Preliminary zonal experiments on Sephadex G-100 showed that inclusion of D-glucose (or N-acetyl-D-glucosamine) in the solvent decreased the elution volume of lysozyme, and hence it is reasonable to assign the anomalous gel-chromatographic behaviour of the enzyme to reversible adsorption to the polysaccharide matrix of the Sephadex, with glucose a competitor for the binding site on the lysozyme. The normal gel-chromatographic behaviour of glucose precludes its interaction with the matrix. The Sephadex G-100-lysozyme-glucose system thus affords a convenient model for case 4, provided that conditions are selected to eliminate complications arising from reversible dimerization of the enzyme (Sophianopoulos & Van Holde, 1964) : lysozyme has been shown to be monomeric in acetate-chloride buffer, I 0.17M, pH 5.4 (Sophianopoulos et al., 1962) , the conditions used in the present study.
Results of equilibrium partition experiments on the Sephadex G-100-lysozyme-D-glucose system at pH 5.4 are summarized in Fig. 1 . Clearly they conform with the qualitative prediction for case 4 that the partition coefficient E.,. decreases with increasing glucose concentration, the results shown in Fig. 1(a being obtained from the slope and intercept respectively ( (Andrews, 1964; Whitaker, 1963) (Fig. la) . The value of 30M-1 so obtained for KAB is of comparable magnitude with the 50M-' for the binding of N-acetyl-D-glucosamine to lysozyme at pH 5.4 (Kowalski & Schimmel, 1969) .
From the values of [R] and KAx it is evident that the abnormal gel-chromatographic behaviour of lyso- Vol. 143 zyme is the consequence of fairly strong binding (KAx = 1.2x 106M-1) to a relatively small number of binding sites on the Sephadex matrix. Indeed, since the concentration of anhydroglucose residues in the present system (0.4g of Sephadex in about 12ml) is approximately 0.2M, only 1 in 105 matrix residues is acting as a binding site for lysozyme. In view of the strong binding affinity of these few binding sites and the known preference of the enzyme for N-acetylated polysaccharides, a possible explanation of the adsorption is that an occasional glucose residue of the Sephadex chain possesses an N-acetyl group, the bacterial origin of the polysaccharide matrix providing a feasible source for the nitrogen. Whatever the origin of the lysozyme adsorption may be, it should be recalled that the Sephadex-lysozymeglucose system was introduced to provide a model for testing the possibility of defining quantitatively an affinity-chromatographic system, and to this end the experiment has proved successful.
Sepharose-lectin-galactose
Ricinus communis agglutinin binds tightly to Sepharose but may be eluted by the inclusion of (Longsworth, 1943) was taken as PA to allow for differences in the shapes of boundaries. The pronounced overshoot of the plateau in the experiment with highest galactose concentration probably indicates a kinetically controlled rate of migration owing to slow desorption of the lectin (Meggitt et al., 1973) . either D-lactose or D-galactose in the eluting medium. The present Sepharose-lectin-galactose system has been studied at pH 7.4 byfrontal chromatography, and from Fig. 2 (Goldberg &Bloch, 1972 (Fig. 3) , from which the slope of the limiting tangent cannot be obtained with any precision. Indeed, similar treatment of the Sephadex-lysozyme-glucose results also produced a curvilinear plot from which the correct limiting tangent could not be deduced. Finally it is noted that the theoretical treatment has relevance to a field far wider than the problem of characterizing affinity-chromatography systems devised as research aids. Indeed, we hope that it may find application in the study of biological systems comprising two interactions among three reactants, one of which is immobilized on the particulate fractions of cells.
Note Added in Proof (Received 6 September 1974) After this manuscript was submitted a paper by Dunn & Chaiken (1974) was published on the quantitative interpretation of zonal affinity-chromatography data on systems conforming with the present case 4. However, the method is based on the erroneous assumption that their eqn. (17), which in our terminology becomes: [X] in terms of [R] and the consequent introduction of [A] shows that the quantity that Dunn & Chaiken (1974) determined from the slope/intercept was in fact KAB/(l+KAX[A]), not KAB as claimed. Andrews et al. (1973) fell into a similar error, to which we have already drawn attention.
